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4. Structural Mechanics

4.6 Indeterminate structures



Sub topics

• Flexibility Method
• Slope Deflection Method
• Moment Distribution Method
• Stiffness method
• Elementary Plastic analysis



Force Method

Forces are treated as unknown and corresponding forces are
calculated.

Degree of static indeterminacy = Unknown forces

Using compatibility conditions and force displacement relation,
unknowns are found.

Consistent deformation method, Flexibility method, Moment area
method, Conjugate beam method, Three moment theorem



Displacement Method

Displacement are treated as unknown and corresponding
displacement are computed first.

Degree of kinematic indeterminacy = Unknown displacements

Using equilibrium conditions and force displacement relation,
unknowns are found.

Slope deflection method, moment distribution method, stiffness
method, Minimum potential energy method, Kani’s method



Flexibility and stiffness

Flexibility is displacement caused by unit force. Denoted by 𝛿

Stiffness is force required for unit displacement. Denoted by 𝑘.

𝛿 =
1

𝑘



Flexibility Method

Δ = Δ𝐿 + 𝛿 [𝑃]

𝑃 = 𝛿 −1{ Δ − Δ𝐿 }

Δ𝑖𝐿 = න
𝑀 ×𝑚𝑖

𝐸𝐼
𝑑𝑠 𝛿𝑖𝑗 = න

𝑚𝑖 ×𝑚𝑗

𝐸𝐼
𝑑𝑠

Δ𝑖𝐿 = න
𝑃𝑜 × 𝑃𝑖
𝐴𝐸

𝑑𝑠 𝛿𝑖𝑗 = න
𝑃𝑖 × 𝑃𝑗

𝐴𝐸
𝑑𝑠
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Flexibility Method
30KN

2m 3m



Slope Deflection Method

FEM – Fixed end moment

𝑀𝐴𝐵 =
2𝐸𝐼

𝐿
2𝜃𝐴 + 𝜃𝐵 −

3Δ

𝐿
+ 𝐹𝐸𝑀𝐴𝐵

𝑀𝐵𝐴 =
2𝐸𝐼

𝐿
2𝜃𝐵 + 𝜃𝐴 −

3Δ

𝐿
+ 𝐹𝐸𝑀𝐴𝐵



Slope Deflection Method



Flexibility Method
30KN
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Slope Deflection Method



Moment Distribution Method

Carry over factor:

For a member with opposite end fixed or continuous, CO=0.5
For a member with opposite end hinged, CO=0

Rotational stiffness:

For a member with opposite end fixed or continuous,𝐾 =
4𝐸𝐼

𝐿

For a member with opposite end hinged,𝐾 =
3𝐸𝐼

𝐿



Moment Distribution Method

Distribution factor:

𝐷𝐹 =
𝑘

Σ𝑘

For fixed end support DF= 0
For pinned end support DF= 1



Moment Distribution Method



Moment Distribution Method



Stiffness
Displacement Stiffness

Axial 𝐴𝐸

𝐿

Bending (far end fixed) 4𝐸𝐼

𝐿

Bending (far end hinged) 3𝐸𝐼

𝐿

Transverse (far end fixed) 12𝐸𝐼

𝐿3

Transverse (far end hinged) 3𝐸𝐼

𝐿3

Torsional 𝐺𝐽

𝐿



Stiffness Method

P = 𝑃′ + 𝐾 [Δ]

Δ = 𝐾 −1{ P − 𝑃′ }



Stiffness method

For axial ,K=AE/L



Plastic analysis

Plastic analysis is defined as the analysis in which the criterion for the design of
structures is the ultimate load. The material goes beyond the elastic zone into plastic
region.

Yield stress is reached at each fiber at section irrespective of distance from neutral axis.

Analysis and design of indeterminate structure. Economic.
For purpose of analysis the strain stress curve is considered to be perfectly elasto-
plastic.



Theorem of Plastic analysis:

• Lower bound theorem
The structure is safe and statically admissible for load 𝑊 such that it is less than or
equal to Collapse load ( 𝑊𝑐).

𝑊 ≤ 𝑊𝑐

• Upper bound theorem
The mechanism of collapse is the one which causes the structure to fail plastically and
has the lowest collapse load.

𝑊 ≥ 𝑊𝑐

• Uniqueness method
𝑊 = 𝑊𝑐



Methods of Plastic analysis:

• Static method
For structure with known bending moment diagram. The hinges occurs at section of
highest ordinate of BMD.
Based on lower bound theorem.

• Mechanism method
The plastic hinge is considered at different section for failure mechanism. Internal work
done at internal hinge is equal to external work by load.
Based on upper bound theorem.

Internal work done = Σ𝑀𝑝𝜃

External work done = 𝑊𝛿 𝑜𝑟
1

2
𝑤𝐿𝛿



Collapse mechanism:

• Beam mechanism
Plastic hinge is formed at support and/or at some point on span.

• Sway mechanism
The sway occurs by formation of hinge at joints of column in frame.

• Combined mechanism
Mixed form of beam and sway mechanism



Plastic Moment Capacity

W w KN/m



Plastic Moment Capacity

W w KN/m



Plastic Moment Capacity

W w KN/m

0.4142L

𝑀𝑝 = 0.0858 𝑊𝑐𝐿
2

𝑊𝑐 = 11.655 𝑀𝑝𝐿
2



Plastic Moment Capacity
W

𝑀𝑝2𝑀𝑝



Terminology:

• Plastic hinge:
It is hinge formed at a section when all the fibers at that section yield and it can no
further take more moment

• Length of plastic hinge:
Effected length due to plastic hinge.
Point load case

For rectangular beam,
𝑙

3
point load case

For I beam beam,
𝑙

6

• Collapse load:
Load that makes some section undergo ultimate deformation and leads to collapse.



Terminology:

• Factor of safety:
Ratio of yield moment to working load is called FOS.

𝐹𝑂𝑆 =
𝑀𝑦

𝑀𝑎

• Load factor :
Ratio of collapse load to working load is called load factor.

𝜆 =
𝐶𝑜𝑙𝑙𝑎𝑝𝑠𝑒 𝑙𝑜𝑎𝑑

𝐴𝑙𝑙𝑜𝑤𝑎𝑏𝑙𝑒 𝑙𝑜𝑎𝑑
=
𝑀𝑝

𝑀𝑎

• Plastic moment capacity:
Maximum moment structure can sustain.

𝑀𝑝 = 𝜎𝑦𝑍𝑝
𝑍𝑝 is plastic section modulus.



Terminology:

Shape factor:

Shape factor =
𝑀𝑝

𝑀𝑦
=

𝑍𝑝

𝑍

Cross section Shape Factor

Rectangular 1.5

Triangular 2.34

Solid Circular 1.7

Hollow Circular 1.27

I section 1.12-1.14

T section 1.8

Diamond 2



Terminology:

Shape factor:

Shape factor =
𝑀𝑝

𝑀𝑦
=

𝑍𝑝

𝑍

𝑍𝑝 =
𝐴

2
𝑦1 + 𝑦2 = Σ𝐴𝑖 ഥ𝑦𝑖



Thank YOU !!!


